In this work we treat a resistive toroidal conductor carrying a steady azimuthal current. We calculate the electric potential everywhere in space. We also present the electric field inside and outside the toroid and the surface charge distribution along the conductor. We compare our theoretical result with Jefimenko's experiment.
I. INTRODUCTION
In the past few years there has been a renewed interest in the electric field inside and outside Ohmic conductors carrying steady currents. The analytical cases known in the literature include coaxial cables ͑Ref. ͓1͔, pp. 125-130͒, ͑Ref. ͓2͔, pp. 318 and 509-511͒, ͓3,4͔, ͑Ref. ͓5͔, pp. 336 -337͒, and ͓6͔; a long solenoid with azimuthal current ͑Ref. ͓2͔, p. 318͒ and ͓7͔; transmission lines ͑Ref. ͓8͔, p. 262͒ and with more detail in ͓9͔; a long straight wire ͓10͔; and conductor plates carrying steady currents ͓11͔. Sometimes this problem is referred to as Merzbacher's puzzle ͓12͔ and ͑Ref. ͓5͔, pp. 336 -337͒.
Here we consider a case not yet solved in the literature, namely, to find the electric field inside and outside a resistive toroidal conductor carrying a steady azimuthal current. We have three goals in mind. The authors who analyzed long straight conductors found that the potential and surface charge density are linear functions of the longitudinal variable z ͓13͔. As pointed out by Griffiths ͑Ref. ͓5͔, pp. 336 -337͒, this is a peculiar result since the answer depends on the geometry of the circuit, that is, on the return conductor and on the location of the battery. So our first goal in order to avoid the ambiguity of the return conductor is to utilize a toroidal conductor where the battery is clearly localized. Our second goal is to find a solution for the potential due to a current distributed in a finite volume of space, clearly creating an electric field outside the Ohmic conductor. The authors above who obtained an electric field outside the conductor considered normally infinite straight conductors. The exception are Jefimenko and Heald, who dealt with a curved conductor ͑Ref. ͓2͔, p. 318͒ and ͓7͔. But their solution is also idealized because the cylindrical resistive sheet with azimuthal current had an infinite length. The only author who completely solved a problem with the current bounded in a finite volume is Jackson ͓3͔, who considered a coaxial cable of finite length. But as he considered a return conductor of zero resistivity, he obtained an electric field only inside the cable, with no electric field outside it. Our third goal is to obtain a solution that can be compared with a known experimental result ͓14͔. This will be discussed in the final section of the paper.
II. DESCRIPTION OF THE PROBLEM
Consider a stationary toroidal Ohmic conductor ͑greater radius R and smaller radius r 0 ) with a steady current I, constant over the length of the conductor. We assume that the conductor has uniform resistivity, and the current is in the azimuthal direction, flowing along the circular loop. The toroid is centered on the plane zϭ0, z being its axis of symmetry. There is a battery located at ϭ rad maintaining constant potentials at its extremities; see Fig. 1 . We initially idealize the battery as of negligible thickness. Later on we consider the battery occupying a finite volume. The medium outside the conductor is supposed to be air or vacuum.
Our goal is to find the electric potential everywhere in space, using the potential at the surface of the conductor as a boundary condition. The problem treated here can be applied to two cases: ͑a͒ the toroid is a full homogeneous solid and the battery is a disk; see Fig. 2͑a͒ ; ͑b͒ the toroid is hollow and the battery is a circle; see Fig. 2͑b͒ . The symmetry of our problem suggests the approach of toroidal coordinates ͑,,͒ ͑Ref. ͓15͔, p. 112͒, defined by where a is a constant that gives the radius of a circle in the zϭ0 plane described by →ϱ ͑that is, when →ϱ we have xϭa cos , yϭa sin , and zϭ0). The values assumed by the toroidal coordinates are 0рϽϱ, Ϫрр rad, and Ϫрр rad. The inverse transformations are given by .
͑4͒
The surface of the toroid is described by a constant 0 .
The internal ͑external͒ region of the toroid is characterized by Ͼ 0 (Ͻ 0 
We used the fact that sin 0ϭ0 and cos 0ϭ1 to sum up from pϭqϭ0 to ϱ. Here P pϪ1/2 0 (cosh )ϵP pϪ1/2 (cosh ) are the Legendre functions ͑Ref. ͓17͔, p. 724͒.
IV. PARTICULAR SOLUTION FOR A STEADY AZIMUTHAL CURRENT
Here we study the case of a steady current flowing in the azimuthal direction along the Ohmic toroid. For this reason we suppose that the potential along the surface of the toroid is linear in , ( 0 ,,)ϭAϩB. This potential can be expanded in a Fourier series in :
͑10͒ Figure 3 shows the Fourier expansion of the potential along the conductor surface as a function of . The oscillations close to ϭϮ rad are due to a Fourier series with a finite number of terms. The overshooting is known as the Gibbs phenomenon, a peculiarity of the Fourier series at a simple discontinuity ͑Ref. ͓17͔, pp. 783-7͒. We assume that the potential inside the full solid toroidal Ohmic conductor ͑that is, for Ͼ 0 ) ͓see Fig. 2͑a͔͒ is also given by Eq. ͑10͒, namely,
The electric field inside the solid toroid can be expressed in cylindrical coordinates (,,z) simply as
This electric field does not lead to any accumulation of charges inside a full solid conductor because "•E ជ ϭ0. These are reasonable results. The potential satisfies Laplace's equation ٌ 2 ϭ0, as expected. The electric field is inversely proportional to the distance ϭͱx 2 ϩy 2 from the z axis. This was to be expected as we are assuming a conductor of uniform resistivity. The difference of potential ⌬ created by the battery at ϭ rad can be related to the azimuthal electric field by a line integral:
Here is the radius of a circular path centered on the z axis and located inside or along the surface of the toroid. This shows that E should be inversely proportional to , as found in Eq. ͑12͒. Comparing Eqs. ͑12͒ and ͑13͒ yields B ϭ⌬/2. By Ohm's law J ជ ϭgE ជ , where g is the uniform conductivity of the wire, we can see that J ជ is also inversely proportional to the distance from the z axis inside a full solid homogeneous toroidal conductor.
We now consider the solution outside the conductor, valid for the cases of a solid and a hollow toroid.
We calculate Eq. ͑9͒ with ϭ 0 and use Eq. ͑10͒ as a boundary condition of our problem. As we do not have terms with cos(q) in Eq. ͑10͒, this means that C q ϭ0 for q ϭ1,2,3, . . . . Comparing the resulting Eq. ͑9͒ at ϭ 0 with Eq. ͑10͒ yields two equations connecting A and B to the C's and D's, namely,
͑15͒
We now isolate the term 1/ͱcosh 0 Ϫcos in Eqs. ͑14͒
and ͑15͒, expanding it in Fourier series, that is,
where ␦ wp is the Kronecker delta, which is zero for w p and 1 for wϭ p, and we used an integral representation of
As in Eq. ͑16͒ we do not have terms of sin(p), this means that D p ϭ0 in Eqs. ͑14͒ and ͑15͒. Using Eq. ͑16͒ with Eq. ͑14͒ yields ͑for pϭ0,1,2, . . . )
Using Eq. ͑16͒ with Eq. ͑15͒ yields
The final solution outside the toroid is given by FIG. 3 . Fourier expansion of the potential along the conductor surface as a function of the azimuthal angle , Eq. ͑10͒, with A ϭ0 and Bϭ 0 /2. The overshootings at the extremities are due to the Gibbs phenomenon ͑Ref. ͓17͔, p. 783-787͒.
where the coefficients A p and B pq are given by Eqs. ͑17͒ and ͑18͒, respectively.
For the region inside the hollow toroid ͑that is, Ͼ 0 ), 
where the coefficients B pq
Note that the potential inside the solid toroid, Eq. ͑11͒, and the potential inside the hollow toroid, Eq. ͑20͒, are different. This happens because the discontinuous boundary condition Eq. ͑10͒ applies for any Ͼ 0 inside the solid toroid, particularly for → (→AϩB) and →Ϫ (→A ϪB), where the disk battery is located ͓see Fig. 2͑a͔͒ . This does not happen to the hollow toroid, where the battery is a circle, and the potential must be continuous inside the hollow toroid ͓see Fig. 2͑b͔͒ . We now analyze the potential outside the toroid for the regions far away from the toroid, close to the origin, and along the z axis.
For great distances from the toroid ͑that is, r ϭͱx 2 ϩy 2 ϩz 2 ӷa), Eqs. 
The electric potential, for great distances from the toroid, is given, in spherical coordinates (r,,), by 
We plotted the equipotentials of a full solid toroid on the plane zϭ0 in Fig. 4 with Aϭ0 and Bϭ 0 /2. Figure 5 shows a plot of the equipotentials of the full solid toroid in the plane xϭ0 ͑perpendicular to the current͒.
V. ELECTRIC FIELD AND SURFACE CHARGES
In toroidal coordinates the gradient is written as
͑26͒
The electric field can then be calculated by E ជ ϭϪ", whose components for the region outside the toroid ( Ͻ 0 ) are given by 
͑30͒
The surface charge distribution that creates the electric field inside ͑and outside͒ the conductor, keeping the current flowing, can be obtained by Gauss's law ͑by choosing a Gaussian surface involving a small portion of the conductor surface͒ for the full solid toroid, Fig. 2͑a͒ :
VI. THIN TOROID APPROXIMATION
Suppose that the toroid is very thin, with its radii described by an outer radius Rϭa cosh 0 /sinh 0 Ϸa and an inner radius r 0 ϭa/sinh 0 , such that r 0 ӶR ͑see Fig. 1͒ . The surface of the toroid is described by 0 ӷ1, and consequently cosh 0 ӷ1. The Legendre function of the second kind, Q pϪ1/2 (cosh 0 ), that appears in Eqs. ͑17͒ and ͑18͒ for the coefficients A p and B pq can be approximated utilizing ͑Ref. ͓16͔, p. 164͒
where ⌫ is the gamma function ͑Ref. ͓17͔, p. 591͒. Because Eq. ͑32͒ has a factor of cosh 
It is interesting to find the expressions for the potential and electric field outside but in the vicinity of the conductor ͑that is, 0 Ͼӷ1). A series expansion of the functions P Ϫ1/2 q () and P Ϫ1/2 q Ј () around →ϱ gives as the most relevant terms ͑Ref. ͓16͔, p. 173͒
where (z)ϭ⌫Ј(z)/⌫(z) is the digamma function, and ␥Ϸ0.577 216 is the Euler gamma. The potential just outside the thin toroid, Eq. ͑19͒, can then be written in this approximation far from the battery as
The potential inside the hollow thin toroid, Eq. ͑20͒, can be written in this approximation far from the battery as ͑у 0 ӷ1,, ͒ϭAϩB. ͑36͒
The surface charge distribution in this thin toroid approximation is given by
We defined A and B by this last equality. We obtained that the surface charge density far from the battery is a linear function of the azimuthal angle in the case of a thin toroid. We can calculate the total charge q A of the thin toroid as a function of the constant electric potential A. For this, we integrate the surface charge density in and ͑in the approximation cosh 0 ӷ1): 
We can interpret Ј as a distance along the toroid surface in the direction, and Ј as the shortest distance from the circle x 2 ϩy 2 ϭa 2 located in the plane zϭ0. When 0 Ͼ ӷ1 ͑that is, r 0 ϽЈӶa), Eqs. ͑41͒ and ͑3͒ result in cosh Ϸa/Ј and cosh 0 Ϸa/r 0 , so that the potential just outside the thin toroid, Eq. ͑35͒, can be expressed as
can be written in a slightly different form. Consider a certain piece of the toroid between the angles 0 and Ϫ 0 , with potentials in these extremities given by R ϭAϩB 0 and L ϭAϪB 0 , respectively. This piece has a length of ᐉϭ2a 0 . The potential can then be written as
where in the last approximation we neglected the term ln(ᐉ/a), utilizing the approximation r 0 ϽЈӶa ͑so that ᐉ/r 0 Ͼᐉ/Јӷᐉ/8a). The electric field can be expressed in this approximation as
Equations ͑43͒ and ͑44͒ can be compared to Eqs. ͑12͒ and ͑13͒ of Assis, Rodrigues, and Mania ͓10͔, reproduced below as Eqs. ͑45͒ and ͑46͒, respectively. They studied the case of a long straight cylindrical conductor of radius r 0 carrying a constant current, in cylindrical coordinates (Ј,,z) ͑note that the conversions from toroidal to cylindrical coordinates in this approximation are ϷϪ Ј and Ϸẑ ). In their case, the cylinder has a length ᐉ and radius r 0 Ӷᐉ, with potentials L and R in the extremities of the conductor, and
Our result for the potential in the region close to the thin toroid coincides with the cylindrical solution, as expected.
VII. CHARGED TOROID WITHOUT CURRENT
Consider a toroid described by 0 , without current but charged to a constant potential 0 . Using Aϭ 0 and Bϭ0 in Eqs. ͑19͒, ͑11͒, and ͑20͒, we have the potential inside and outside the toroid, respectively:
where P pϪ1/2 (cosh 0 ) are the Legendre functions, and the coefficients A p are given by Eq. ͑17͒. This solution is already known in the literature ͑Ref. ͓20͔, p. 239͒, ͑Ref. ͓21͔, p. 1304͒. It is also possible to obtain the capacitance of the toroid, by comparing the electrostatic potential at a distance r far from the origin, Eq. ͑23͒, with the potential given by a point charge q, (rӷa)Ϸq/4 0 r:
The capacitance of the toroid with its surface at a constant potential 0 can be written as Cϭq/ 0 . From Eq. ͑49͒ this yields ͑Ref. ͓20͔, p. 239͒, ͑Ref. ͓22͔, pp. 5-13͒, ͑Ref. ͓23͔, p. 9͒, ͑Ref. ͓24͔, p. 375͒
͑50͒
Utilizing the thin toroid approximation 0 ӷ1, one can obtain the capacitance of a circular ring, Eq. ͑39͒. Another case of interest is that of a charged circular wire discussed below, which is the particular case of a toroid with r 0 →0. With 0 ӷ1 and cosh 0 ӷ1 we have RϷa. Keeping only the term with pϭ0 in Eqs. ͑17͒ and ͑48͒ yields ͑р 0 ,, ͒ϭ 0 ͱ cosh Ϫcos cosh 0
where in the last equation we combined Eq. ͑38͒. Expressed in spherical coordinates (r,,), the potential for the thin toroid becomes ͑r,,͒ϭ
͑52͒
From Eqs. ͑47͒ and ͑38͒ we can see that the constant electrostatic potential along the thin toroid expressed in terms of its total charge q A is given by
Even when the linear charge density q A /2a remains constant, we can see from this expression that the potential diverges logarithmically when a/r 0 →ϱ. We can expand Eq. ͑52͒ on r Ͻ /r Ͼ , where r Ͻ (r Ͼ ) is the lesser ͑greater͒ of a and rϭͱx 2 ϩy 2 ϩz 2 . We present the first three terms:
͑54͒
Equations ͑51͒-͑54͒ can be compared with the solution given by Jackson ͑Ref. ͓25͔, p. 93͒. Jackson gives the exact electrostatic solution of the problem of a charged circular wire ͑that is, a toroid with radius r 0 ϭ0), in spherical coordinates (r,,):
where q A is the total charge of the wire. Equation ͑55͒ expanded to nϭ2 yields exactly Eq. ͑54͒. We have checked that Eqs. ͑52͒ and ͑55͒ are the same for at least nϭ30. We plotted both Eqs. ͑51͒ and ͑55͒ in Fig. 6 . They yield the same result, as expected. It is worthwhile to note that in spherical coordinates we have an infinite sum, Eq. ͑55͒, while in toroidal coordinates the solution is given by a single term, Eq. ͑51͒. The agreement shows that Eqs. ͑51͒ and ͑55͒ are the same solution only expressed in different forms. Figure 7 shows the potential as function of ͑in cylindrical coordinates͒ in the plane zϭ0. Equations ͑51͒ and ͑55͒ give the same result. Figure 4 can be compared with the experimental result found by Jefimenko ͑Ref. ͓14͔, Fig. 3͒ , reproduced here in Fig. 8 with Fig. 4 overlaid on it. Jefimenko painted a circular conducting strip on a glass plate utilizing a transparent conducting ink. A steady current flowed in the strip by connecting its extremities with a battery. By spreading grass seeds on the glass plate he was able to map the electric field lines inside and outside the strip ͑in analogy with iron filings mapping the magnetic field lines͒. The equipotential lines obtained here are orthogonal to the electric field lines. There is a very reasonable agreement between our theoretical result and the experiment.
VIII. DISCUSSION AND CONCLUSION
In order to have a better fit to his data we should consider an extended battery. As we can see from his experiment, he painted two sections of his strip with a conducting ink of much smaller resistivity than the remainder of the strip. These sections located at Ϫ j ϽϽϪ i and i ϽϽ j were charged to opposite potentials. Considering these sections as of zero resistivity, we can model analytically the potential inside and along the surface of the toroid as ͑у 0 ,, ͒ϭ
͑56͒
Notice that the potential described by Eq. ͑56͒ no longer has a discontinuity at ϭ rad. The potential is linear between ϭϪ i and ϭ i , constant for Ϫ j ϽϽϪ i and i ϽϽ j , and linear for Ϫ radϽϽϪ j and for j Ͻ Ͻ rad. The boundary condition Eq. ͑10͒ is now replaced by
͑57͒
The potential from Eq. ͑57͒ is represented in Fig. 9 with the values i ϭ9/10ϭ2.83 rad and j ϭ17/18ϭ2.97 rad. Fig. 3͒ in which the lines of electric field were mapped using grass seeds spread over a glass plate. There is a circular conducting strip carrying a steady current. Figure 4 has been overlaid on it-the equipotential lines are orthogonal to the electric field lines.
The equipotentials in the plane zϭ0 are plotted in Fig. 10 . Figure 11 represents Jefimenko's experiment with Fig. 10 overlaid on it. The agreement is now even better than in Fig. 8 .
Despite this agreement, it should be mentioned that Jefimenko's experiment has a conducting strip painted on a glass plate. On the other hand, our theoretical results presented in Figs. 4 and 10 represent an equatorial slice through a threedimensional toroid. In another experiment Jefimenko, Barnett, and Kelly succeeded in measuring directly the equipotential lines inside and outside a hollow rectangular conductor carrying a steady current ͓26͔ and ͑Ref. ͓2͔, pp. 300-301͒. They utilized a radioactive ␣ source to ionize the air at the point where the field was to be measured. The ␣ source acquired the same potential as the field at that point and the potential was measured with an electrometer connected to the ␣ source. If one day a similar experiment is performed with a toroid, it will be possible to obtain a better comparison with our theoretical results.
Our solution inside and along the surface of the full solid toroid yields only an azimuthal electric field, namely, ͉E ͉ ϭ⌬/2. But even for a steady current we must have a component of E ជ pointing away from the z axis, E , due to the curvature of the wire. Here we are neglecting this component due to its extremely small order of magnitude compared with the azimuthal component E . To show this, consider a conducting electron of charge Ϫe and mass m moving azimuthally with drift velocity v d in a circle of radius around the z axis. In a steady state situation there will be a redistribution of charges along the cross section of the toroid, creating an electric field E , which will exert a centripetal force on the conduction electrons. By Newton's second law of motion the force eE results in a centripetal acceleration such that eE ϭmv d 2 /. Suppose we have a 14-gauge copper wire (r 0 ϭ8.14ϫ10 Ϫ4 m) of 1 m length bent in a circle of radius Rϭϭ(1/2)ϭ1.59ϫ10
Ϫ1 m carrying a current of 1 A. The drift velocity is given by v d ϭ3.55 ϫ10 Ϫ5 m/s, the resistance of the wire is 8.13ϫ10 Ϫ3 ⍀, and the potential difference created by the battery is ⌬ϭ8.13 ϫ10 Ϫ3 V. This yields E ϭ8.13ϫ10 Ϫ3 V/m and E ϭ4.5 ϫ10 Ϫ20 V/m. That is, E ӶE , which justifies neglecting the E component of the electric field.
It has been pointed out elsewhere ͓10͔ that a stationary conductor carrying a steady current uniform over its cross section generates a charge distribution inside the conductor. This charge distribution creates a radial electric field inside the conductor. There is then an electric force on the conduction electrons that counteracts the radial magnetic force that arises due to the movement of the conduction electrons. This is known as the radial Hall effect. However, this electric field is rather small (10 Ϫ5 smaller than the electric field that main- FIG. 9 . Fourier expansion of the potential along the conductor surface as a function of the azimuthal angle , Eq. ͑57͒, with B ϭ 0 /2 i . Comparing this figure with Fig. 3 we can observe that the oscillations, as well as the overshooting, no longer appear, as the potential is now continuous for 0рр2 rad. We have used i ϭ9/10ϭ2.83 rad and j ϭ17/18ϭ2.97 rad.
FIG. 10. Equipotentials in the plane xϭ0 for a resistive toroidal conductor carrying a steady azimuthal current, using Eq. ͑57͒ as boundary condition and Bϭ 0 /2 i . The bold circles represent the conductor surface and the bold straight lines represent the angles ϭϮ i ϭϮ9/10ϭ2.83 rad and ϭϮ j ϭϮ17/18ϭ2.97 rad. We have used 0 ϭ2.187. tains the current flowing, on a typical copper conductor with 1 mm diameter and 4ϫ10 Ϫ3 m/s drift velocity; see ͓10͔͒ and has been neglected in the present work.
The problem of a stationary toroidal conductor with a steady current has never been solved in the literature. Here, we have obtained the electric potential, the electric field, and the surface charges, respectively, Eqs. ͑19͒ and ͑27͒-͑31͒. The beautiful experimental result of Jefimenko showing the electric field outside the conductor is complemented by this present theoretical work, with excellent agreement, Figs. 8 and 11. The electric potential and electric field of the thin toroid approximation with a steady current, respectively, Eqs. ͑43͒ and ͑44͒, agree with the known case of a long straight cylindrical conductor carrying a steady current, Eqs. ͑12͒ and ͑13͒ of ͓10͔. The electric potential of the thin toroid approximation without current agrees with the known result for a charged wire ͑Ref. ͓25͔, p. 93͒.
The other theoretical solutions known in the literature usually considered an infinite or very long straight conductor or coaxial cable ͑Ref. ͓1͔, pp. 125-33͒, ͑Ref. ͓5͔, pp. 336 -7͒, ͓10,6,11͔. The only cases of an analytical solution in a curved conductor are those of Jefimenko and Heald, who considered a solenoid of infinite length carrying a steady azimuthal current ͑Ref. ͓2͔, p. 318͒ and ͓7͔. The only known solution for the potential due to a closed steady current flowing in a bounded volume is that of Jackson ͓3͔, who considered a coaxial cable of finite length. However, as he considered the external return conductor of zero resistivity, the electric field outside his cable was found to be zero. Here, on the other hand, we obtained a theoretical solution for the potential due to a steady azimuthal current flowing in a toroidal resistive conductor which yielded an electric field not only inside the toroid but also in the space surrounding it. Our solution showed a reasonable agreement with Jefimenko's experiment, which proved the existence of this external electric field due to a resistive steady current.
